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Operations on Crisp Set

e Complement
* Union

* Intersection



Properties of CRISP SETS

Involution

Commutativity

Associativity

Distributivity

Idempotence

Absorption
Absorption of complement

Abs. by X and @
Identity

Law of contradiction
Law of excl. middle

DeMorgan’s laws

A=A
AUB=BUA, AnNB=BNA

AUBUC=(AUB)UC=AU(BUO),
ANBNC=(ANB)NC=AN(BMNC)

AN(BUC)=(ANB)U(ANC),
AUBNC)=(AUB)N(AULC)

AUA=A, AnA=A

AUANB)=A, AN(AUB)=A
AUANB)=AUB
ANAUB)=ANB

AUX=X, AnT=C
AUd=A, AnX=A
ANA=0
AUA=X

A~NB=AUB

AUB=ANB



Fuzzy Sets

It is important for us to understand the transition from crisp sets to fuzzy sets. As stated earlier
the fuzzy sets are more general representation of crisp sets as it is a as a part of its fuzzy set.

3.1 From Classical Sets to Fuzzy Sets :
Let X be the universe of discourse and x€ X.

Then a classical set A can be defined as

A = {x| x meets cetain conditions and x € X}



For example if we write a set of positive integers below 20 and more than 15. Here the universe
of discourse X is set of all positive integers i.e. I and the classical set A is as follows:

A= {x|15<x<20,x X} (3.1)
Hence the classical set is represented by A = {16,17,18,19}

If we look at the above classical set A, it is clear that any of the elements in A either completely
belongs to A or completely does not belong to A.

For the same classical set A, in other words we may say that the membership value of any
element that belongs to the classical set A is one (True) only. Similarly the elements that are not
present in the classical set A, have their corresponding membership values zero (False). This is
because classical sets are based on binary logic i.e. 1 (True) or (False) only and there is no
possible case in between for any of the elements contained in classical set A.

Since Fuzzy theory is based on multi-valued logic (i.e. not only the true or false) so every
element in a fuzzy set A will be assigned its membership value based on its belongingness (i.e.
completely belongs, completely does not belong or partially belongs etc.). Hence in Fuzzy sets,
membership values are and associated with every element and defined as below.




Example (Discrete Universe)

U = {1, 2, 3’ 4, 5, 6, 7, 8} _____ # courses a student may

take 1n a semester.

R (1L,0.1) (2,03) (3,0.8) (41) |  appropriate
(5,0.9) (6,0.5) (7,0.2) (8,0.1) courses taken
1 .
/UA(X) !
051 0

> 4 6 8
X . # courses

Alternative Representation:

A=0.1/1+03/2+0.8/3+1.0/4+0.9/5+0.5/6+0.2/7+0.1/8



Example (Continuous Universe)

U : the set of positive real numbers — possible ages
B={(x,uy(x)|xeU}
1 about 50 years old
/uB (X) — 4 > y
- x—50 .
5 J 1
08 r
Alternative Uz (X) 06t
Representation: 04 f
02 r
_ 1 N
b= R+ 1_|_<x—_50)4 /)C Oo 20 40 60 80 100
5

X :age



Alternative Notation

A=1(x, 1 (x)|x €U}

U : discrete universe ‘ A= Z M, (xl.)/xl.

x;eU
U : continuous universe ‘ A= j H (x)/x
U

Note that > and integral signs stand for the union of membership grades;

“/” stands for a marker and does not imply division.



Fuzzy Set-Theory Operations

Subset
Ac B p,(x)xu,(x), vVxeU

Complement

A=U-Ae py(x)=1-u,(x)

Union
C=A4AVUB < puc(x)=max(u,(x), uz(x)) = p,(x)Vv pz(x)

Intersection

C=ANB & u(x)=min(u, (x), 4,(x) = i, (x) A 1, (x)



Fuzzy Logic Operations

* NOT:

— If Fuzzy Statement A is m true, then the statement “Not A” is (1.0 — m)
true (where m is a number between 0.0 and 1.0 inclusive).

— Equivalent Set Theory operation: If an object A has m membership in

Fuzzy Set S, then it must have membership (1.0 — m) in Fuzzy Set Not-
S

* AND:

— |If Fuzzy Statement A is m true, and Fuzzy Statement B is n true, then
the Fuzzy Statement “A and B” is k true, where k = min(m,n). (Here, m,
n and k are numbers between 0.0 and 1.0 inclusive.)

* OR:
— |If Fuzzy Statement A is m true, and Fuzzy Statement B is n true, then

the Fuzzy Statement “A or B” is k true, where k = max(m,n). (Here, m, n
and k are numbers between 0.0 and 1.0 inclusive.)



Set-Theoretic Operations

(a) Fuzzy Sets A and B (b) Fuzzy Set "not A"
A B

Als Contained in B

(¢) Fuzzy Set"A OR B"
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Properties

Involution A=4 De Morgan’s laws

... AuB=BUA4 AUB=ANB
Commutativity ANB=BA A

ANB=AUB
(AUB)UC=4U(BUC)
(ANB)NC=A4N(BNC)
 An(BUC)=(4nB)o(4nC)

Distributivity AU(BNC)=(4UB)N(4UC)

AUuA=A4
Idempotence  , = ,_ ,

Associativity

AU(ANB)
Absorption AN(AUB)

A
A



Properties

* The following properties are invalid for
fuzzy sets:

— The laws of contradiction
And=2 X

— The laws of exclude middle



Fuzzy Set Math Operations

kA = {kp,(x), VxeX}
Let k =0.5, and
A ={0.5/a,0.3/b, 0.2/c, 1/d}
then
kA = {0.25/a, 0.15/b, 0.1/c, 0.5/d}

o AM™={u,(x)", VxeX}

Let m =2, and

A ={0.5/a,0.3/b, 0.2/c, 1/d}
then

A™ ={0.25/a, 0.09/b, 0.04/c, 1/d}
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MF Terminology

Cross points

1
P
MF

) \

Corc

width

o-cut

support




Exercises

For
A={0.2/a, 0.4/b, 1/c, 0.8/d, 0/e}
B ={0/a, 0.9/b, 0.3/c, 0.2/d, 0.1/e}

calculate the following:
e Support, Core and cardinality of Aand B

 Complement for A, complement of B
* Union and Intersection of A and B,

* thenewset C=A?
 thenewsetD=0.5xB
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Solutions

A={0.2/a, 0.4/b, 1/c, 0.8/d, 0/e}
B ={0/a, 0.9/b, 0.3/c, 0.2/d, 0.1/e}

Support
Supp(A) ={a, b, ¢, d}
Supp(B) ={b, c, d, e}

Core
Core(A) = {c}
Core(B) = {}

Cardinality
Card(A)=0.2+04+1+0.8+0=2.4
Card(B)=0+0.9+0.3+0.2+0.1=1.5

Complement
Comp(A) ={0.8/a, 0.6/b, 0/c, 0.2/d, 1/e}
Comp(B) ={1/a, 0.1/b, 0.7/c, 0.8/d, 0.9/e}
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Solutions

A={0.2/a, 0.4/b, 1/c, 0.8/d, 0/e}
B ={0/a, 0.9/b, 0.3/c, 0.2/d, 0.1/e}

Union
AUB ={0.2/a, 0.9/b, 1/c, 0.8/d, 0.1/e}

Intersection
ANB ={0/a, 0.4/b, 0.3/c, 0.2/d, 0/e}

C=A?
C=1{0.04/a,0.16/b, 1/c, 0.64/d, 0/e}

D=0.5xB
D ={0/a, 0.45/b, 0.15/c, 0.1/d, 0.05/e}

E=Ags

E={c, d}
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Crisp and Fuzzy Relations

Crisp relations

To understand the fuzzy relations, it is better to discuss first crisp
relation.

Suppose, A and B are two (crisp) sets. Then Cartesian product
denoted as A x B is a collection of order pairs, such that

Ax B={(a,b)lac Aand b € B}

Note :

(1Y)AxB#BxA

(2) |Ax B| = |A| x |B]

(3)A x B provides a mapping from a< Ato b € B.

The mapping so mentioned is called a relation.



Example 1:
Consider the two crisp sets A and B as given below. A={ 1, 2, 3, 4}

B=1{3,57).

Then, A x B = {(1,3),(1,5),(1,7).(2,3),(2,5),(2,7),(3,3),(3,5),
(3,7),(4,3),(4,5),(4,7)}

Let us define a relation Ras R = {(a,b)|lb=a+1,(a,b) € A x B}
Then, R = {(2,3),(4,5)} in this case.
We can represent the relation R in a matrix form as follows.

3
0
1
0
0

- O O O O,
O O O O N

A W N =



Operations on crisp relations

Suppose, R(x, y) and S(x, y) are the two relations define over two
crispsetsx c Aand y € B

Union:
R(x,y) U S(x,y) = max(R(x,y), S(x,y));
Intersection:
R(x,y) 0 S(x,y) = min(R(x,y), S(X, y));

Complement:

R(va) =1- R(X,y)



Example: Operations on crisp relations

Example:

Suppose, R(x, y) and S(x, y) are the two relations define over two

crispsets x c Aand y € B

R = and S =

Find the following:

Q@ RUS
Q@ RNnS
QR

OO =

oo =0

o =0 0O

- O 0O O




Composition of two crisp relations

Given R is arelation on X,Y and S is another relation on Y,Z.
Then Ro Sis called a composition of relation on X and Z which is
defined as follows.

RoS={(x,2)|(x,y) e Rand (y,z) € Sand Vy € Y}

Max-Min Composition

Given the two relation matrices R and S, the max-min composition is
definedas T =Ro S;

T'(x,z) = max{min{R(x,y),S(y,z) and Vy € Y}}



Example:

Given

X={1,3,5};Y = {1,355, R={(x.y)ly = x + 2}; S = {(x, y)Ix < y}
Here, Rand Sison X x Y.

Thus, we have
R= {(1?3)1(35)}
S = {(173)(15)1(375)}

1 3 5 1 3 5
1[0 1 0] 1[0 1 1]
R= 310 0 1| andS= 3 ({0 0 1
5 10 0 O | 5 10 0 0|
1 3 5
0 0 1
Using max-min composition R o S= 0 0O
0 0O




Fuzzy relations

@ Fuzzy relation is a fuzzy set defined on the Cartesian product of
CI’iSp set X1, X5, ..., X,

@ Here, n-tuples (x1. X2, ..., X5) may have varying degree of
memberships within the relationship.

@ The membership values indicate the strength of the relation
between the tuples.

Example:

X = { typhoid, viral, cold } and Y = { running nose, high temp,
shivering }

The fuzzy relation R is defined as

runningnose  hightemperature  shivering

typhoid 0.1 0.9 0.8
viral 0.2 0.9 0.7
cold 0.9 04 0.6




Fuzzy Cartesian product

Suppose
A is a fuzzy set on the universe of discourse X with pa(x)|x € X

B is a fuzzy set on the universe of discourse Y with ug(y)|ly € Y

Then R=Ax B C X x Y ;where R has its membership function given
by 1r(X,y) = paxs(X,y) = min{ua(x), us(y)}

Example :
A= {(81 y 0.2), (82, 0.7), (&3, O.4)}and B = {(b1 . 0.5), (bg, 0.6)}
by b2
a l 02 02 |
R=AxB-= a | 0.5 0.6
as N 04 04 N




Operations on Fuzzy relations

Let R and S be two fuzzy relations on A x B.

Union:

)uF?US(a: b) — maX{MR(aa b)a )U’S(aa b)}

Intersection:

pans(a, b) = min{up(a, b), ns(a, b)}

Complement:
,uﬁ(a, b) =1- /,LR(a, b)
Composition

T=RoS
1Ros = MaXycy{min(ur(x,y), ns(y,2))}



Operations on Fuzzy relations: Examples

Example:
X = (X1,X2,X3); Y= (y1,j/2); = (21722723);
b Y2
X1 i 05 01 i
H — X2 02 09
X3 i 08 06 |
Zq Z2 Z3
- v [06 04 07
v | 05 0.8 0.9
Z1 22 Z3
« [05 04 05
H o) S —. Xo 05 08 09
x | 06 0.6 0.7

HRos(X1, 1) = max{min(xi, y1), min(ys, z;), min(xy, y2), min(y, z1)}
= max{min(0.5,0.6), min(0.1,0.5)} = max{0.5,0.1} = 0.5 and so on.



Fuzzy relation : An example

Consider the following two sets P and D, which represent a set of
paddy plants and a set of plant diseases. More precisely

P = {Ps, P>, P3, P4} a set of four varieties of paddy plants
D = {Dy, D>, D3, D4} of the four various diseases affecting the plants

In addition to these, also consider another set S = {55, Sy, S3, S4} be
the common symptoms of the diseases.

Let, R be a relation on P x D, representing which plant is susceptible
to which diseases, then R can be stated as

Dy Do D3 Dy
p, [ 0.6 0.6 0.9 0.8
P, { 0.1 0.2 09 0.8
P, 1 0.9 0.3 04 0.8
P, | 09 08 04 0.2

—



Also, consider T be the another relation on D x S, which is given by
S S S S
p, [ 0.1 02 0.7 0.9
D, { 1.0 1.0 04 0.6
p; | 0.0 0.0 0.5 0.9
p, | 09 1.0 08 0.2

Obtain the association of plants with the different symptoms of the
disease using max-min composition.

Hint: Find R o T, and verify that

S; S 53 Sa
p, [ 0.8 0.8 0.8 0.9
P, | 0.8 0.8 0.8 0.9
P | 0.8 0.8 0.8 0.9
P, | 0.8 08 0.7 0.9

S =

RoS =




Fuzzy relation : Another example

Let, R = x is relevant to y

and S = y isrelevant to z

be two fuzzy relations defined on X x Y and Y x Z, respectively,
where X = {1,2,.3} ,Y = {a,,v,0} and Z = {a, b}.
Assume that R and S can be expressed with the following relation

matrices :

e

S 2

8

01 03 05 0.7
04 02 08 0.9
06 0.8 03 02

a
- 0.9
0.2
0.5

07

B

b
0.1 |
0.3
0.6

0.2 |

and



Now, we want to find R o S, which can be interpreted as a derived
fuzzy relation x is relevant to z.

Suppose, we are only interested in the degree of relevance between
2 € X and a € Z. Then, using max-min composition,

ILRos(2,a) = max{(0.4A0.9),(0.2A0.2),(0.80.5),(0.90.7)}
= max{0.4,0.2,0.5,0.7} = 0.7

O
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FUZZY-TO-CRISP CONVERSIONS
I

Fuzzification: Making a crisp quantity fuzzy.

4
(TS

lenw mwedinm

Assignment of membership
functions is the process of
fuzzification

— -
0F a0 40 6o is0 100 120 140 km/hz
=7 km/h

Defuzzification: Making a fuzzy quantity crisp.
speed

1

Calculation of a crisp
/ value from a fuzzy value
final output of speed




FROM FUZZY SETS TO CRISP SETS

LAMBDA-CUTS for fuzzy sets

A: a fuzzy set A
A,: Lambda-Cut set of A

Ay {x | na(x)>A} where O< <1

The set A, is a crisp sef.



Example: X={a,b,c,d,e,f} and A={>+ =+

0.6

A=1 —A={a};

A=0.8— A;z{a,b};
A=0.6— A;={a,b,c} ;

A=0" —A={a,b,c,d,e};
A=0 — A={ab,cd,ef}=X

Fuzzy notation of A-Cut Sets:
st 2B Ol 0

60'6-{a1+ b1+ c1+ d1+ eo+ 2

40.25={;+;+;+;+;+;}




LAMBDA-CUT SET PROPERTIES
1* (6 U B)x= AU BA
2. (ANB),=A,NnB,

3. (A),#A4, except for 1=0.5
4. For any Asa where 0< a. <1, itis true that A, S A, where A =X

LAMBDA-CUTS FOR FUZZY RELATIONS

R: A fuzzy relation
R,: A-cut relation of R.

R ={(x.y) | ma(x,y)=A} for O<A<1



FUZZY-TO-CRISP RELATIONS

1 08 0
Example:R=(08 1 04
0 04 1
1 0 0 1 1 0
A=1 —’R1= 0 1 0 : A.=0.25—"R0_25=|:1 i | 1];
0 0 1 0 1 1
1 1 0 d 1. 1
A=05—>Rys=|1 1 0| =0 —>R0=[1 1 1]
0 0 1 1 1 1



FUZZY-TO-CRISP RELATIONS

PROPERTIES:

1. (B U §)l= RA'U S;\_

2. RNSY),=R,NS,

3. (E);ﬁ‘ R,

4. For any A¢o where O<a <1, thenR, S R,.



